CHAPTER 23
ELECTRIC POTENTIAL
e Potential difference and electric field

e Potential difference between two
parallel plates

Potential due to a single point charge
e Potential due to a collection of charges
T Work done bringing charges together

¢ Potential for continuous charge
distributions

T Charged, hollow sphere
T  Uniformly charged ring

e Equipotential surfaces (You study using
the handout together with section 23-5 in
the textbook.)

Work done and potential energy ...

Let’s look at the similarity between electric
and gravitational fields. The work done by the
g-field in moving the mass from a — b is:

b — —
OW = [F+d/=mgd/ (>0),i.e., positive work.
a

The change in potential energy of the mass in
the gravitational field in moving from a — b is:
oU=Uy -U, =-mgd/ (<0),i.e., aloss.
S OW =-8U = —(Uy, - Uy).
Note: the work done by the g-field (6W) in
moving the mass from a — b is the same as the

work you do in raising the mass from b — a.




©b Ifacharge moves through a

M/f displacement &7 in a field E, the
©a F work done by the E-field in
+q, moving the charge from a — b is

W = F « 8/ = -3U,
where 0U is the change in potential energy of
the charge in the E-field. But F = q_E, so the
change in potential energy is:
U =(Up -U,)=-F*d/=-q.E-d/.
We define the electric potential (V) as the

potential energy per unit charge,
i.e, V= U.
qd.

So the potential difference between b and a
V=V,-V, =V,
is given by:
oU

V=" =-E*d/.
q.

We will work problems in Cartesian (x,y,z) and
polar (r,0,¢) coordinate systems.

[1] Cartesian coordinates:

E = (E4,Ey,E,) and 8/ = (5x, dy, 5z)
OV =-Ee*d/ = —(EX1/+ Ey_'(+ Ezk/) o (0xt + 6y_'(+ ozl)
ie, |8V = ~(Ey.0x + Ey .0y + E,.02).

dv dv dv

Y R -2 R, =2
dx’ > dz

" Ey = - Y= dy

ie., | E= _(dV 1/+ dv ]/+ dVl\/).
dx dy dz

These are the basic relationships between the
electric field, E, and the electric potential, V, in

Cartesian coordinates.




UNITS:
IfE = N/C and r = m
then: V = volts (V)

But, by definition:
dv
EX = _&, etc.,

then: E = V/m,

which means that N/C = V/m.

(It is more usual to use V/m as the unit of
electric field.)

DISCUSSION PROBLEM [23.1]:

~10,000V

When you charge a balloon by friction, its
electric potential is ~10,000V, but it is safe to
handle! And yet, a typical socket operates at
a potential of 110V but will give you a
(potentially!) fatal shock.

* What’s the difference?

*  Why is the socket more “shocking”?




Conventional definition of work done in an
electric field ...
The work done by the field

©b
6Z/4 in moving the charge from
F a—bis
(#)
wq W = -8U = (U}, - U,)

= ~(q.Vp - q.Va) = q. (V5 = Vp).
(Remember, by definition = V =U/q.,)
Conventionally, when a charge moves from
a — b we write the work done by the field as:
dW =q.(V, - V) =q.Vap,

where V,}, is the potential difference between

the start point (a) and the end point (b). (Note
also if the charge was released and free to
move in the field, 8K = 6W.)

-. The work done by you in moving a charge

from a — b is:
oW = _quab = _qo(Va - Vb)'

Example using Cartesian coordinates ...

Potential between two parallel charges plates

E=E,t

Find the potential
difference between a and b

(a displacement /) in a field

E = E,¥ produced between
two parallel, infinitely large charged plates,
spaced a distance d apart. Along the
displacement, the change in potential is:

dV = -E ¢ d/ = -E ¥+ (dx¥ + dy}) = -E,dx.

~Vp -V, =Pav - —E, Pax - -E;x - - x
&

vy =V, - Zx

o




Vi, =V, - Zx

> o

AV "'(V2_V1)=AV=_§d,

i.e., Vl > V2.

e AV is independent of y, it depends only on o
and d. Thus, AV is the same between any point

on plate | ' and any point on plate @ This

means that the potential is constant over an
infinitely charged plate.

¢ The work done by the field in moving a
charge q from a — b is:

W =q(Vy-Vy) >0,
so a +ve charge moves from a position of higher
potential (V;) to lower potential (V).

Problem 23.22, page 743:

(a) Since the field would move a

+0 -O
> +ve charge from the +o plate
4 to the —o plate, the +o plate is
242 o P ate e TP
> at the higher potential.
> AV = (V1 -V3) =500V = -E.d,

10ecm . |E = AV/d = 500/0.1 = 5000 V/m.

(b) Work done by the field is Wg_.1 = qVay,
But Vy; =(Vy - V) =-500 V.

-~ Wa_1 = -16 x 107! x (-500) = 8.0 x 10717J.
(c) The change in potential energy of the
electron: AU =U; -Uy =qV; -qVy =q(V; -Vy)

- 16 x 10719 x 500 = -8.0 x 10717,
Mechanical energy is conserved:
" AK = -AU = 8.0 x 10717J.

0 /
AK = ;m(vz _%23, SV = ,\2;:1K = 1.33 x 10’ m/s.

AK = Wy_.1 =qVa;.

(Work - energy theorem).

Note also:




[2] Polar coordinates

If the electric field has radial symmetry, i.e., it

depends only on ¥, e.g., a point charge, then

Er)=E,¥= k%v.
r

¥
dg For a radial displacement dr
(in the ¥ direction):
dV(r) = -E(r) * d¥ = -E ¥ * dr'.
But dv¥// w,

-1
- ¥+ dF = ¥dF|codD - dr.

. potential difference between radii ry and ry:

r2
V21 = V(I‘2) - V(I‘l) = - J'Erdr.
ry
But dV(r) = -E,.dr, so the radial electric field is
dV(r)
dr °
Again, we have simple relations between the
electric field E,. and the electric potential V(r).

E, -

Example ... electric potential for a point charge:

The electric field of a point

~—— charge is:
— > dF

\ e E(r)=k%m
¥ r

For a small displacement dr in the radial
direction (¥), the change in potential is:

dV(r) = -E(r) * dF = _k%n’- dr = —k%dr.
r r

= V(r) = —kf%dr = k9 +V,,
r r
where V, is an integration constant. If we

define the electric potential at infinity as zero,
i.e., V(r - ) =0, then V, =0. So,

V(r) = kg,
r
is the absolute electric potential at the point r.

~Vp -V, = kQ[1 - 1] (<0if Qis +ve)
', Ty




“equipotentials”

Electric
potential (V)

The electric potential for a positive charge. If
the charge is negative, the potential looks like
a “hole” rather than a “hill”.

Note that as x (and y) — 2, V — 0.

Go from a — b by different routes. The

,:_ potential at any point a
distance r from a point
charge is:

V() =k 9
r

: Since r; =rg, V, = Vi
l so, the potential difference
Vab = Vxp,
i.e., the potential difference between two points
does not depend on the path between them only
the potentials at the end points.
The work done by you in moving a charge q
from a — b by the two different routes is:
[1] Wa.p = -a(Va = V) = —qVyp,.
[2] Waxsb = [_q(Va - Vg )] + [—q(Vx -Vp )]
=-q(Vx - V) = -qVyp,.
But Vap = Vip. - Wap =Wa oy
So, the work done by you (= —qAV) in moving a
charge from one point to another does not
depend on the path ... only on AV.




Problem 23.30, page 743:

(a)

(b)

+2uC
a

3m 3m V=k9

b c
+2uC

Potential at c is due to both Q, and Qj,

+2x10%) _ (+12x10%)
+k

V. -k
¢ 3 3

-1.2x10*V
Work done by you in bringing a charge

q., from «~ to the point c is:

(¢)

=0
W = -q.AV = -q. (V5 - Ve) = 4. Ve

~5x10% x 1.2 x 10?
~6x102J

if Qp = 2nC then V, =0 and W = 0.

Potential due to a spherical shell of charge
(on a hollow or solid conducting sphere) ...

+
+ R+
+ 73 o= Qz
Y 4 4nR
Q o <+
Es=k—2=—
R €, E(r)
Q
E=k
. E=0 .
< >
From earlier: E=—:]j'lV so dV =-E.dr,
r
~Vr>R)=- fE.dr=—kf%dr=kg.
r>R r r
V(r)
A
Q
Voi=k Z—»
r
< :r

But what about inside the sphere?




Potential due to a spherical shell of charge
(on a hollow or solid conducting sphere) ...

R2 &, E(r)

E-0

A
A
L]

Inside the sphere, i.e., for r <R, dV = -E.dr =0
- V(r <R) = constant.
If V is constant inside sphere, no work is done

in moving a charge anywhere inside the sphere.
Then W = —q AV =0, i.e., AV =0.

~Vir<R)= k?{ = constant

V(r)

<
I
w
oo
\ 4
o

A
A
%

TWO POINTS:
[1] Vs constant inside a conducting sphere
(i.e., the same as at the surface).

[2] At the surface: Vg = k?{ and Eg = kRQz.

~Vg=Eg.R or Eg = ‘I;S

As the charge Q on the sphere increases, so do

AR kg) and E, (= kf?z).

Under “normal conditions” the max electric

field obtainable in air before breakdown is
Epax ~ 3 x 106 V/m.

This sets a maximum potential and a maximum

charge for a spherical conductor (radius R):

i, Viyax =Emax-R~3x10°R volts.

Q 3 x 10°

Since, E =k RZ: Qmax ~ R? Coulombs.

Larger R means largerV,,,,x and Q,,x before

breakdown.




DISCUSSION PROBLEM [23.2]

If the electric potential of the Earth is very

large, how come we aren’t f ried to a crisp

when standing barefoot on the Earth’s
surface?

Also, we can now show why charges “pile-up”
at sharp points on a charged conductor ...

Region 1 =Q; Region2 = Q,

radius R4 radius Ry
! B B
I". ,"'""02
0'1\\“ “-_-‘,\
The potential inside the conductor is constant
kU R
R; Ry

But Ql == 4J'I3R12(51 and Q2 =~ 4J'|:R2202
SO R101 = R202

i.e O9 = &0 .09 >0
oCoy 2 R2 1' .o 2 10
o (6]
Also, E;g =1 and Eog = 2. | Egq > Eq.
€ €

o o

Therefore, the charge density and the surface
electric field are greater at “points”.
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Take two charged spheres A (V) and B (Vp)
connected by a conducting wire and V, > Vp.

A D
_kQA O/_@'—\'\’\"“O _kQB

Va Rp

dv

The force on the charge q, is: F =q E = —q, i’

but V5 > Vg ... .— <0, so +ve charges move

from A to B, i.e., from high potential (Vp) to low
potential (Vg).

V 4 -.Qa and V, decrease

T

~.Qp and Vg increase

As charges move from A to B, V, decreases and
Vg increases. When V, = Vg, charges stop
moving, because when AV =0 then F = 0.

Problem 23.64, page 745:

Qi
r = 0.05m rz =0.12m

We have: V; = k(:.ll =E{s1y.

V2 = k% = Ezsrz.
ra

But Vl = V2, SO

0. 1; x 200 =480 kV/m.

Esry = Eggro.

. ry
- E1s = 7E25
ry

. o Y
From earlier, Ei; = ! and Eg, = 2.

o o

~.01 =e,Eqq = 8.85 x 10712 x 480 x 10°
- 4.25 x 106 C/m?
and oy = Eog = 8.85 x 10712 x 200 x 103
= 177 x 109 C/m?
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Uniformly charged ring:

Pt
4 +r _x2 a2
o+ P
0 x Ay
.. 47  The potential at the point P due
to the element of charge dQ is:
dv = k@.
r
d
SV - k99,
r
but r =  x2 + a2 , which is constant.
k
AVX)=—F—[dQ
“x2 +a? I
e
VX% +a

where Q is the total charge on the ring.

Uniformly charged ring:

When x =0, V(x) = k9
a

When x >> a, V) = kg,
X

i.e., it looks like a point charge.
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